In this paper we consider plane quartics with to involutions. We compute the Dixmier invariants, the bitangents and the Matrix representation problem of these curves, showing that they have symbolic solutions for the last two questions.
Introduction
We consider algebraic varieties over the field K = Q, the algebraic closure of the rational numbers Q in the field of complex numbers C. Let C be a general quartic curve in the projective plane P 
where a ijk are the corresponding coefficients for i, j, k ∈ {0, 1, 2, 3, 4}. According to the theory of algebraic curves, a generic plane quartic is smooth, and the genus g(C) = 3.
The study of such curves is an important topic in clasical algebraic geometry (see [2] ), and in modern times, people study the moduli space M 3 of such curves. In this paper we study smooth plane quartics with Z/2 × Z/2-automorphisms. Since smooth plane quartics are non-hyperelliptic genus 3 curves, the equation (1) is the canonical model of teh curve C if C is smooth. If C has an automorphism φ, then φ is a projective linear transformation on P 2 with respect to the equation (1) . The classification of automorphisms of smooth plane quartics is given by [10] and [19] , people can find a full list in many references nowadays, such as [2] , [5] . Explicity, smooth quartics with Z/2 × Z/2-automorphisms should be isomorphic to one of the following curves:
We consider three geometric informations about these curves, the Dixmier invariants, the bitangents, and the matrix representation probelm.
Like the j-invariant of elliptic curves, the quartics have their own invariants, the Dixmier-Ohno invariants [1, 3, 13] . In fact Ohno [13] gives covariants. We only compute the Dixmier invariants [1] . There are 7 of them I 3 , I 6 , I 9 , I 12 , I 15 , I 18 and the discriminant I 27 . We will not compute the discriminant I 27 . In fact all the curves in Table 1 are smooth and the discriminant is the invariant to judge the smoothness. We use Maxima [11] to compute the invariants of the curves in Table 1 in Section 2. The invariants 
of the general family X 4 is symmetric with respect to the parameters, so we write the invariants as polymomials of the elementary symmetric functions (see Proposition 2.1).
The bitangents of the plane quartics is an important topic in classical algebraic geometry (see [7, 8, 10, 9] ). As divisors on the curve, they are related to the theta characteristics of the curve (see [12, 16] ). We use the idea in [14] to compute the bitangents. The main result is Theorem 3.1, showing that all the curves in Table 1 have symbolic solutions of all 28 bitangents. In the proof, we use Macaulay2 [6] to make the elimination, and use Maxima to compute the solutions.
The matrix representation problem (see [17, 4, 18] ) asks if a quartic homogeneous polynomial could be written as det(xA + yB + zC) for some symmetric matrices A, B, C. We use the idea in [15] to compute this problem. We first use Maxima to compute the determinant, and then argue the conditions on the entries. At the end we reach Theorem 4.1, showing that this problem has a symbolic solution for X 4 .
2 Dixmier Invariants of X 4 , X 16 , X 24 and X 96
Dixmier Invariants of Plane Quartics
Our notations follows from [5] . First we introduce some notations. In general, let f ∈ K[x 1 , . . . , x n ] be a polynomial, we use D f to denote the differential operator determined by f . Explicitly, let
where a i 1 ,...,in ∈ K be the coefficient of the monomial x
and (2) be a finite sum. For the rest of this paper, we will not emphasize that the powers i 1 , . . . , i n are non-negative integers again.
The map D f means
has some obvious properties as the following:
• D is bilinear.
• Let deg(f ) be the degree of
Let H * (f ) be the adjoint of H(f ). Another notation is the dot product of two matrices. Let A = (a ij ) n×n and B = (b ij ) n×n be two n × n matrices. Then the dot product " , " is defined by
With these notations, we describe the Dixmier invariants of plane quartics. Let f, g ∈ K[x, y, z] 2 be two quadratic homogeneous polynomials. Define
y] s be two homogeneous polynomials of degree r and s, respectively. For k ≤ min{r, s}, define
(3) Let P = P (x, y) ∈ K[x, y] 4 be a quartic binary form. Let Q = (P, P ) 4 defined as (3). Also we let
Then g(x, y) is a homogeneous polynomial of degree 4 with respect to the variables x and y, and the coefficients of g are expressions of u and v. Thus we can define Σ(g) and Ψ(g) as in (4) . Since Σ and Ψ are expressions of the coefficients, we have Σ(g) and Ψ(g) are expressions of u and v. An explicit computation shows that Σ(g) and Ψ(g) are polynomials of degree 2 and 3 in the polynomial ring K[u, v] respectively. Let σ(u, v, w) and ψ(u, v, w) be the homogenization of Σ(g) for w, and ψ(u, v, w) be the homogenization of Ψ(g) for w.
, and let H = det(H(f )). The Dixmier invariants are defined as [6, 6, 6] + 999 S [6, 6, 4] + 90882 S [6, 6, 2] + 952074 S [6, 6] + 286686 S [6, 4, 4] + 7813422 S [6, 4, 2] + 11967264 S [6, 4] + 32087664 S [6, 2, 2] − 289103904 S [6, 2] + 32508 S [5, 5, 5] + 3163860 S [5, 5, 3] 
Definition 3.1.
generated by comparing the coefficients of both sides of the monomials of x, y in the expansion of (7). Let J(f ) be elimination ideal of I with respect to
The ideal J(f ) gives the conditions of L being a bitangent of C. In general one cannot solve a, b over Q, and even there exists L such that a, b ∈ Q, the tangency points p 1 , p 2 are not Q-rational points of C.
Theorem 3.1. The curve X 4 has symbolic solutions for all the 28 bitangents.
Proof
Let f be the equation defined by
Let J(f ) be the ideal defined by Definition 3.1. Using Macaulay2, we can compute the primary decomposition of J(f ). We can input The output says J(f ) has 3 irreducible components. They are For J 2 , for example, we have a = 0, and b satisfies an equation of degree 4, which is solvable. Similarly to J 3 , we have another 4 bitangents. Thus we have 8 bitangents. Remember that f is symmetric with respect to r, s and u, and we are considering the affine xy-plane of the projective plane P 2 . Thus if we consider yz-plane and the zx-plane, we have another such ideals J For X 24 (r) : f (x, y, z) = x 4 + y 4 + z 4 + r(x 2 y 2 + y 2 z 2 + z 2 x 2 ) = 0,
We only seek for one solution to the equation system , thus if there is an "either-or"
